WREATH PRODUCT GENERALIZATIONS OF THE TRIPLE 

(^2n,^n,<^) AND THEIR SPHERICAL FUNCTIONS 
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Abstract. The symmetric group 82,1 and the hyperoctaheadral group iJ„ is a Gelfand 
triple for an arbitrary hnear representation ip of i/„. Their (^-spherical functions can be 
caught as transition matrix between suitable symmetric functions and the power sums. 
We generalize this triplet in the term of wreath product. It is shown that our triplet are 
always to be a Gelfand triple. Furthermore we study the relation between their spherical 
functions and multi-partition version of the ring of symmetric functions. 

Key Words: finite spherical harmonics, Gelfand triple, Hecke algebra, zonal polynomial, 
Schur function, Schur's Q-function 

1. INTRODUCTION 

This paper deals with spherical harmonics on a finite Gelfand triple which is a gener- 
alization of the triple {82^ Hn, ^p), where 5*2^ is the symmetric group of degree 2n, Hn is 
the hyperoctahedral group and is an arbitrary linear character of H^- We adopt the 
terminology "Gelfand triple" by the usage of Bump's book [2]. One of main purposes of 
this paper is to describe an explicit form of the irreducible decomposition of their induced 
representations. Furthermore we attempt to express their spherical functions as explicit 
as possible. 

Roughly speaking, representation theory of wreath products can be said the multi- 
partition version of representation theory of the symmetric groups. Their irreducible 
representations and characters can be explicitly computed. It seems to be no new rep- 
resentational theoretical property of wreath products. Nevertheless, from the view point 
of spherical harmonics, they give us interesting mathematical objects like a multivariable 
version of hypergeometric functions as their zonal spherical functions [HI E]. Furthemore, 
recent study of finite spherical harmonics related to wreath products succeed in finding 
new orthogonal polynomials and combinatorial or statistical interpretations of permuta- 
tion representations [3l HOl [TT] . Therefore it is important to find new finite Gelfand triples 
and analyze their structures as finite homogeneous spaces. 

As mentioned above, the triple (S'2„, i^„, (p) is a Gelfand triple, i.e. (p is a multi- 
plicity free as 5'2„-module. The characters of Hecke algebra associate with {S2n, Hn, ^p) 
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are called 99-spherical functions. It is known that y9-spherical functions of this case are 
deeply related to zonal polynomials and Schur's Q-functions [SI [12]. To be more explicit, 
(/^-spherical functions appear in coefficients of the power sums in these symmetric func- 
tions. This fact gives an representation theoretical meaning to these symmetric functions. 
Algebraically there exist isomorphisms called characteristic maps between the direct sum 
of their Hecke algebras and the ring of symmetric functions. In this paper, we consider 
an generalization of the triplet by changing S2n into a wreath product SG2n = G I S2n- 
We define a subgroup HGn of SG2n which is a natural generalization of if„ (details are in 
Section 2). In [TU], the author shows the triplet {SG2n, HGn, 1) is Gelfand triple. When 
the Frobenius-Schur indicator of all irreducible characters of G is equal to or 1, their 
spherical functions are obtained as the coefficients of multi-partition version of power 
sum in product of Schur functions and zonal polynomials. Here we have to explain multi- 
partition version of symmetric functions. For a finite set A, we prepare the power sums 
Pr{(i) [a € A) and set A[A] = C{pr{a) \ a & A,r > 1). We call A[A] the multi-partition 
version of the ring of symmetric functions associated with A. In the book [7], the charac- 
ter theory of wreath products is introduced in terms of A[G*], where G* denotes the set of 
the irreducible representations of a finite group G. Recently Ingram, Jing and Stitzinger 
study this type of symmetric functions in [13] . 

One of our main result of this paper is to show that a triplet {SG2n, HGn, ©^.tt) is a 
Gelfand triple for an arbitrary linear character B^^^r of HGn- Here all linear representations 
of HGn can be indexed by linear representations of G and tt of if„ (see. Section 4.1). 
The irreducible representations of SG2n are indexed by a |G'*|-tuple of partitions (A(x) | 
X G G*). The problem we should consider is: which partitions appear as irreducible 
component of G^,,r Iiig"'^ To answer this problem, we need to show a twisted version 
Frobenius-Schur theorem: 

'^IW = T^5ZeMx(/) = -1,0,1 (TheoremESD. 

We see that these three values 1, and -1 determine the type of a partition A(x) in a 
irreducible component indexed by (A(x) | X ^ G*) of the induced representation. Af- 
ter complete this problem, we consider the O^^^-spherical functions of {SG2n, HGn, ©^.tt)- 
We are greatly interest in 0^^-spherical function because they gives sometimes important 
examples of orthogonal functions. Actually our B^^Tr-spherical functions appear as coeffi- 
cients of multi-power sum of product including Schur functions, Schur's Q-functions and 
Jack polynomials at the parameter a = 2 and 1/2. 

This paper is organized as follows. We prepare the almost all notations using this paper 
in Section 2. In section 3, we consider a twisted version of the Frobenius-Schur formula 
through an analysis of {SG2, HGi, ©5,7r). As conclusion of this section, we have a certain 
relation between the number of irreducible representations of finite groups and that of 



WREATH PRODUCT GENERALIZATIONS OF (52„,i/n,0 



3 



conjugacy classes. Section 4 is devoted to description of the irreducible decomposition 
of our triplet. Simultaneously we discuss basis of the Hecke algebra. The main tool of 
this section is the relation obtained in Section 3. In section 5, we consider spherical 
functions. Two special cases are computed explicitly. In section 6, we obtain the relation 
between G^^Tr-spherical functions and multi-partition version of symmetric functions. We 
construct an graded algebra which are the direct sum of Hecke algebra. We make an 
isomorphism Cif^ between the graded Hecke algebra and a certain multi-partition version 
of the symmetric functions. We see that the image of ©^,^-spherical functions under Cif^ 
is products of some symmetric functions. In the last section, we apply the spherical 
harmonics of our triplet to the case of G = Z/2Z and see a their O^^Tr-spherical functions 
are essentially same as the characters of symmetric groups. 

2. Preliminaries 

Let G be a finite group. We denote by (resp. G*) the set of the conjugacy classes 
(resp. a complete representatives of the irreducible representations) of G. Let C{G) be 
the set of all linear characters of G. For g E G, Cg denotes the conjugacy class of g. 
Put (g = For 7 G G*, we denote by X7 the character of a representation 7. We 

always identify {x-yll e G*} with G*. Fix 77 e C{G). Put G** = {Cg U Gg-i\g e G} and 
G** = {p\p e G*}/^^, where, 

P ^ Xp = Xa or Xp = X^®V (p, e G*). 

By fixing a representatives, we identify G** with a subset of G*. Put n*^ = |G**| and 
JT-** — We remark n** = n^^, where 1 is the trivial representation of G. If Cg — Cg-i 

(resp. Cg ^ Cg-i), then we call Cg and Rg — CgU Cg-i a real (resp. a complex). 

Example 2.1. In the case of G — Cq — {a \ — 1) , we set : ct 1— > exp (0 < m < 
5) . Then we have G,, = {{!}, {a, a^}, {a\ a^}, {a^}} and G|* = {{^o, 6}, {6, ^s}, {6, 6}}- 

Denote by CG the group algebra of G. We identify / = ^^^^q f{x)x G CG with the 
function x h- >■ f{x). Under this identification, the multiplication in CG is given by the 
convolution: {fif2){x) = Yliy&G f'^iv^^) f'^iv^) ■ H he a subgroup of G. For ^ e ^{H), 
let = 1^ A subalgebra T-0{G,H) = e^CGe^ of CG is called a Hecke 

algebra of a triplet (G, H,^). The Hecke algebra H^iG, H) can be identified with 

{/ : G ^ C I i\gh) = f{hg) = W)f{9) (^9 eG^he H)}. 

We denote hy ^ \% a representation of G induced from ^. If ^ |^ is multiplicity-free as 
G-module, then we call the triplet (G, ^) a Gelfand triple. From Schur's lemma, " C, t§ 
is multiplicity-free" and "T-l^{G, H) is commutative" are equivalent. In this paper, we only 
consider representations of finite groups. Therefore we assume that each representation 
space V of G has G-invariant inner product (, )y. We assume that (G, H, ^) is a Gelfand 
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triple. Let 7 G G* be an irreducible component of ^ t^. Then there is a unique element 
of 7 satisfying 

hvo = ^ih)vo and {vo,Vo)^ = 1. 
We define a ^ -spherical function by 

'^1(9) = {vo,9Vo)w- 
Also ^-spherical function has the following expression; 

\G\ 



where = ^EgecXili/ ^)9- 

Let A be a partition and let P„ be the set of all partitions of n. We denote by A' the 
transpose of A. For A, mj(A) denotes the multiplicity of i in A. Let £(A) be the length of 
A. If all parts of A are even (resp. odd), then we call it a even (resp. odd) partition. We 
denote by EPn (resp. 0P„) the set of all even (resp. odd) partitions of n. Let SPn be the 
set of all strict partitions of n. Set P = U„>o-Pn, SP = U„>o5'P„, OP = U„>oOP„ and 
EP = Un>oEPn. We denote by D{^) the doubling of /i G SP (cf. [12j). For example, 
D{A21) = (5441). Let A = (A(x)|x G X) be a |X|-tuple of partitions for a set X. We 
define the weight of A by |A| = J2xex 1^(^)1- -^^^ ^"^^ partitions A and /i, we define a 
partition A U /i by mj(A U /i) = mj(A) + mj(/i) for any i. For A = (A(a:;)|a:; G X) and 
/i = {fi{x)\x G X), set A UyU = (A(a;) U fi{x)\x G X). For {p{x) \ x G X), we define p to be 
a partition IJxexPl^)- 

The hyper octahedral group Hn is a subgroup of S2n defined by 

Hr. ^ {{2z - 1,20, (2j - l,2j + l)(2j,2j + 2) | 1 < z < n, 1 < j < n - 1). 

Hn is the centralizer of an element (12)(34) • • • (2ri — l,2ri) G S2n- Here we remark 
((2j - l,2j + l)(2j,2j + 2) I 1 < 2 < n,l < J < n - 1) = S„ = ((«,2 + l)|l < t < n-1). 
We define an isomorphism 0„ from Sn onto ((2j — 1, 2j + l)(2j, 2j + 2)|1 < i < ri, 1 < j < 
n - 1) C Hn by 

0„((z,i + 1)) = (2i- l,2i + l)(2i,2z + 2). 

We consider the wreath product SGn = G I Sn = {{91, 92, y 9n '■ cr) \ 9i ^ G, a E Sn} of 
a finite group G with a symmetric group Sn- We define a subgroup HGn of S'G'2n by 

^^Gn = {{gi, 91,92, 92,- ■■ , 9n, 9n ■ (^) \ (y ^ Hn}. 

Put A = (A(x) I X ^ G*) and |A| = n. We denote by S'(A) the irreducible representation of 
SGn indexed by A which is constructed by the following way (cf. [S]). Let be an irre- 
ducible representation of G affording a character x ^^nd S^ be an irreducible representation 
of Sn indexed by a partition A. We can define an action of SGn on S^ix) = " ® 5''^ by 

{91, ■■■ ,9n: (y)Vi ^■■■®Vn®W = 9lV„-^i) ® ■ ■ ■ (g) 9nVa-\n) ® (^W , 
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where Vi G and w G S^. Set = |A(x)| and n = {n^ \ x G G*)- We have ^(A) = 
(8)^eG* S^^'^Kx) fsalnv where 5G(n) = n^eG* -^G^^. It is a fact that {S(A) | |A| = n} 



gives a complete representatives of the irreducible representations of SGn- 
In [inj, the author shows the following theorem. 

Theorem 2.2. [10] 

(1) For any x G SG2n, we have HGnxHGn = HGnX~^HGn- 

(2) The double coset HGn\SG2n/ HGn are indexed by \G^:^\-tuple of partitions p = 
{p{R)\R G G^^) such that J2r(^g,, \Pr\ ^ 

For Xi G Srii < i < m), let [xi,X2, ■ ■ ■ , Xm]ni,--- ,n„ be a natural embedding of xi x ■ ■ ■ x 
Xm in Sn^+.-.+rim- Fo^' example, if x = (12) e S^, y = (13)(24) G 5*4 and z = (12) G 5*2, 
then [x,?/,z]3,4,2 = (12) (46) (57) (89) G Sg. For p = (pi, ■ ■ ■ ,p^(^)) G [p] denotes 
[pi, ■ ■ ■ ,P£(p)]pi,---,pf(p)- In a similar way, for Xi G SGn. {1 < i < m), we define an element 
[Xi, ■ ■ ■ , to be a natural embedding of Xi x ■ ■ ■ x Xm G SGn^ x ■ • ■ x SGn^ in 

S'G„,+...+„„. For example, if X = {91,92,93 : (12)) G SG3, Y = (94,95,96,97 ■ (13) (24)) G 



SG, and Z = (98,99 : (12)) G SG2, then [X,y,Z]3,4,2 = (^7i,-- - ,^79 : (12)(46)(57)(89)) G 



S'g. Under these notations, we can choose the complete representative of HGn\SG2n/ HGn 
as following theorem. 

Theorem 2.3. [lOj Set G** = {Ri, -R2, ■ ' ' ,Rs} and fix an element 9r. of Ri (l < i < s). 
Let p{Ri) = {pi{Ri) , p2{Ri) , ■ ■ ■) be a partition of rii. Put 



If rii + ■ ■ ■ rig = n, then each complete representative of HGn\SG2n/HGn corresponding 
to p = {p{R)\R G G**) can be chosen by the following form 



If G is the trivial, then the set {[2p] | p G P„} is a complete representatives of 



Example 2.4. We consider G = = {e, a, a^, a^} and n = A. Then we have G^,* = 
{Ri = {0},i?2 = {1,3},-R3 = {2}}. We consider a representative of HG^XSG^/ HG^ 
corresponding to (0, (1), (2, 1)). We have x{Ri) = 0, x(i?2) = (e, a : (12)) and x^R^) = 
{e,e,e,a? ,e,a^ : (1234)(56)) . Therefore we have 



[0, (e, a ■ (12)), (e, e, e, a^, e, a" : (1234)(56))]o,2,6 = ( e, a , e, e, e, a^, e, : (12)(3456)(78)). 




a;(p) = [x{Ri), ■■■ , 



x{Rs)\ 2ni,--- ,2ns " 



Hn\S2n/Hn (Cf. 0). 
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3. Twisted Frobenius-Schur's Theorem 

Let G be a finite group. Tlie following identity is known as tlie Frobenius-Scliur's 
tfieorem: 

Fix ^ G C{G). In tliis section, we consider tlie following summation: 

We consider a pair {SG2, HGi). This pair is a Gelfand pair (cf. L10|). Fix a complete 
representatives {gnlR G G**} of G**. A complete representatives of their double coset 
can be chosen by 

where we remark (1, qr, 1) = (1, qr; (12))(1, 1; (12)) (cf. Theorem [O]). We remark HGi ^ 
G X S2, therefore any element of C{HGi) can be written as 

where e is the trivial or sign representation of 5*2. 

In unitary representation theory of finite groups, the following proposition is well known. 

Proposition 3.1. (1) Let Ri and R2 be unitary representations of G. If Ri ~ R2, 

then there exists a unitary matrix S such that SRiS^^ = R2. 
(2) Let R be a unitary representation of G. A matrix U satisfy 

UR{x)U~^ = R{x), 

if and only if 

U = '^U {R is a type I 
U = -^U {R IS a type II). 

Proposition 3.2. Let x be an irreducible character of G. Then we have 



x&G 



(Xt^X^O, 



where \a\ = 1. 

Proof. First we assume 



x = x®^ (^ X = 
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Let R{x) = (rjj (a;) )i<jj<(i be a unitary matrix representation affording X. Then Z)^(a;)*i?(x)~^ 
D^{x)R{x), where D^{x) = diag(^(x), ■ ■ ■ ,^(x)) , is a unitary matrix representation af- 
fording C,®X- Under our assumption, Proposition I3.H -(1) gives us 



(1) Rix) = Di:{x)Pi:,RR{x)Pl^, 

where P^^ji = {pij) is a unitary matrix. Taking the complex conjugate of ([T]), we have 



(2) R{x) = P^^rD^{x)R{x)PI^. 

From ([T]) and ^ we have 



R{x) = P^,RP^,RRix)Plj,Plj,. 



Since P^^rP^^r is a scalar unitary matrix, we can put 



where |a| = 1 and E = diag(l, ■ ■ ■ ,1). We compute 



x}rij[x)rij[x' 



j^^j2^{x)tTR{x)R{x''r = 

' ' ij VxeG / ' ' ij \x£G k,l 



rij{x- 



a. 



We remark that a does not depend on choices of R. 
Second we assume 



We compute 



= ^^Y.^{x)irR{x') = ^Y.^{x)tvR{x)R{x) 



\G\ ' \G\ ' ^ ' \G\ 

' ' xgg ' ' xeG ' ' xeG 



J- i{x)i.R{x)R{x-'r = E f E ^( 

xeG ' ' xeG \ ii 

^E(E^^^(^)^'^^^(^"')) =0 



x)rij{x)rij{x-^) 



□ 
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Proposition 3.3. {SG2, HGi,^ ® e) is a Gelfand triple. 



Proof. The irreducible characters of 5*^2 are of the following forms; 

Tiig, h; a) = x{9)x{h)Sia + X W(^(i2)a, 
T^gnig, h; a) = sgn{a){x{9)x{h)Sia + x(«/^)(^(i2)a), 
m^"ig, h- a) = 5iAx{9)v{h) + x{h)vi9)), (Xt^v),, 
where x V are irreducible characters of G. We remark that U^'''' = U'^'^. For £1 = 1 
or sgn, we compute 

' ' geG ' ' g&G 

= ^(x,X®Og + £i(12M12)^ 

i + £i(12)£(12)f (x = X®0 
(Xt^X^O- 
Since |a| = 1 and ® ^)hgi is an integer, we have a = ±1 and 

1 {x-X<»C and £1(12) =a£(12)), 
(otherwise). 



{T^^,^(^e)HG,-- 

{{X, ?7; 1), C ® £i)ffGi = ^ I] M9H9)K9) ^{X.V® C)g 



2\G\ 
' ' geG 

1 (x^n^O 

ix^rj<^0- 

Therefore ^ ® £ | is multiplicity free. Simultaneously we have all irreducible components. 

□ 

Also we have 
Proposition 3.4. (1) 

iC^i)fH%\= © S^^\x)® © S^^'\x)S^ © S^^\x)^S^^\C^x)fs^UsG. 



x=(,®x x=i®x x¥'i®x 

4i 



i/|(x)=i 4(x)=-i 4ix)=o 



(2) 



(^^sgn)fj^a\- © S^^'\x)e © ^^^)(x)e © S^^\x)^S^'\^^x)fsf,.sG. 

X=C®X X=^<^X Xy^COX 

i/|(x)=i '^|{x)=-i '^|(x)=o 
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From the proof of Proposition 13.31 we have a twisted version of the Frobenius-Schur's 
theorem (See also [H Theorem 9]). 

Theorem 3.5. Let x be an irreducible character of G. Then we have 



x€G 



ix^x®0- 



Next we consider a basis of T-[^''^{SG2, HGi) associated with the double coset. Fix a 
complete representatives {gji \ Qr E R} of G^^^. For {gi, 5'2 : o") G SG2, we define a element 
of n^'%SG2, HGi) by 

x,yeHGi 

Clearly {K^\x G SG2} spans n^'%SG2, HGi). 

Proposition 3.6. K(^i^g.„-^ = if o-nd only if C,{g) = —1 and Gg = Gg-i. 
Proof. Fix an element g E G. We consider elements a,b E G and t,9 E S2 satisfying 

(a, a; r)(l, g : a){b, b; 6) = (1, g; a). 

Since a = 1 or (12), we have t = 6. 

First we consider the case of r = = 1. Then we have ab = 1 and aga~^ = g. 

Second we consider the case of t = 6 = (12). Then we have ab = g and aga^^ = g^^. 
Therefore the conjugacy class of (7 is a real and C,{g) = ±1. When ^{g) = — 1 , a 
computation 

K{l,g;a) = ^(a,a;(12)){l,9:a)(6,b;(12)) = i{ab) K (^i ^g.„) = ^{g)K(i^g.„) = -K(^i^g.„), 

gives us K{i^g.„) = 0. Let Co(i^(i g.^.)) be the coefficient of {l,g : cr) in K(^i^g.a-y The same 

fo {^g) = -1 and Gg = Gg^i) 
computation gives us Co(i^(i_g.^)) = < 2Cg {^(g) = 1 and Gg = Gg-i) □ 

(Cgy^Gg-.). 

Clearly {Kg^ \ R G G** such that Kg 0} are linearly independent. Also Proposition 
13.61 gives us 

Proposition 3.7. A set 

{Kgj^ I R G If R is real, then ^(gn) ^ -1.} 
g'Zfes a basis ofTC^'^{SG2,HGi). 

Combining Proposition 13.31 and Proposition 13. 7[ we have 
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Proposition 3.8. We denote by ^{C) the value of ^ on a conjugacy class C. Then we 
have 



\{X\X = X®Q\ + \\{X\X^X®Q\ = \G. 



\{c\c = c-\ac) = -i}\. 



Put 



= \{C\C = C-\aC) = = \{C\C = C-\aC) = l}\,nc = {C\C ^ C-'}, 

ur = ra„ - ^nc,n^'^ = \{x\x = X ® 01 and n'^'^ = \{x\x 7^ X ® 01- 
Corollary 13.81 gives us 

(3) 



The following is just the relation between the number of the irreducible representation 
and the number of the conjugacy classes. 



(4) 

From (IH]) and ([ 
Theorem 3.9. 

and 



1 

n^* + -ric- 



we have 



1 



Ur - 2n^ 



-n 



n 



This proposition is a generalization of the fact ric 



n 



c,i 



and Ur 



n 



Example 3.10. The character table of G = GL2(F3) is 





Ci 


C2 


C3 


C4 


C5 












Ri 


R2 








-Re 


Ri 


R7 


^l{x) 


4{x) 


Xi 


1 


1 


1 


1 


1 


1 


1 


1 


1 





X2 


1 


1 


1 


1 


1 


-1 


-1 


-1 


1 





X3 


2 


2 


2 


-1 


-1 











1 


-1 


Xi 


3 


3 


-1 








1 


-1 


-1 


1 





X5 


3 


3 


-1 








-1 


1 


1 


1 





X6 


2 


-2 





-1 


1 












-1 


X7 


2 


-2 





-1 


1 







V2i 





-1 


X8 


4 


-4 





1 


-1 











1 


-1 



We set i = X2 (ind have 

Xj = i®Tj U = 3, 6, 7, 8), xi = ^ '»X2 and X4 = ^ ® XE- 
In this case, we have = 1 = \ {Cq}\ , nc = 2 and rf'^ = 4 = | {xi] i = 1, 2, 4, 5} | . 



wreath product generalizations of (52„,i/n,0 h 
4. Irreducible Decomposition of Induced representations 

4.1. lineair representation of HGn- The hyperoctahedral group if„ has exactly four 
hnear characters; 

which are defined by 

5((2i-l,2i)) = -l |t((2i-l,2i)) = l, 

and < 

5{a)^l \L{a) ^ sgn{4>-\a)) 

for 1 < i < n and o" G (f){Sn)- We remark that 5 is obtained by restricting the sign 
representation of S'2„ to The following are known as the Littlewood's formula. 

Proposition 4.1. (1) 1 Tt:= e,gp„ 

m ^fH]:=e^ep.s^''^'■ 
(4) <^®.tt=e.e5P„^^^'^'- 
Let TT e and ^ G £(G'). We define 6^,^ G ^lifG^) by 

©e,7r(9'l, 9l,-- - , Qn, gn, Cr) = ^{9192 ■ ■ ■ 9n)T^{(y) 
for {91, 9l:-- - : 9n: 9n; O") £ -f^^^. 

Proposition 4.2. C{HGn) = {6^,^ | ,^ G £(G'),7r G 

Proof. We remark the following isomorphism, HGn — (GxZ/2Z)?S'„. Therefore = 
G/[G,G\ X 2 X 2. It is clear that (C,7r) ^ if C or tt ^ tt'. Therefore 

\{Q^,^}\^AxG/[G,G]. □ 

4.2. basis associated with double coset. 
Definition 4.3. We define two subsets of P^^{n) by 



Ph^{n) = { ip{R)\ReG,,);p{R) is 

and 



- 0, {R is real and ^ = —1 on R), 
G P, (otherwise). 



OP (R is real and ^ = 1 on R), 
Ph'in) = { {p{R)\R e G,^y,p{R) G { EP, {R is real and ^ = -1 an R), 

P, {otherwise). 
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Put 

m 

Xjn = 2m— A;— l)(2m— 1, 2m), 

k=l 

and 

= (2m-l, 2m-3, ■ ■ ■ , 3, l)(2m, 2m-2, ■ ■ ■ , 4, 2). 
Since Xm and are commutative with nr=i(2^ ~ l)2z) , we have Xm,ym ^ Hn. 

Proposition 4.4. Pni a = (1, 2, ■ ■ ■ , 2m) and g E G. We assume that there exists z E G 
such that zgz^^ = . Then we have 

j g^^z,-- - ,g'^z^ ,z,z : Xm){l, ■ ■ ■ , 1,5- : a){ z"'^g,-- - ,z~^gy . ymX-m) = (1, ■ ■ ■ , 1, 5- : a). 

2m-2 2m 

Proof. Since = (1, 3, 5, ■ ■ ■ , 2m — 1)(2, 4, 6, ■ ■ ■ , 2m) = and Xmcr^-'^a;^ = cr, we have 

Proposition 4.5. VKe /iave 

[g'^z, ■ ■ ■ ,g-^z,z,z : Xm){,z-^g, ■ ■ ■ ,z~^g : y^Xm) = {I, - ■ ■ ,l,g,g : r„), 
where = (246 ■ ■ ■ 2m)(135 ■ • • 2m — 1), and 

' ^g) (^ = 1,^), 



Q^Aig ^z,---,g ^z,z,z : Xm)iz ^g,---,z ^g:ymXm)) 



Proof. A direct computation gives us XmymXm = Tm E Hn- Since (p^^ijm) = (123 • ■ - m), 
we have e(r^) = (-l)™+i. □ 

Example 4.6. For g E G, suppose there exists z E G such that zgz~^ = g~^ . Put 
a = (123456). 

{g~^z, g~\, g~\, g'\, z, z] X3)(l, 1, 1,1, 1, g; (y){z']), z'^g, z~^g, z~^g, z~~^g, z~^g : 1/3X3) 

= (1,1,1,1, l,(7;a) 

{.g'^z,g'h,g'h,g~\,z,z]X'i){z'^g,z'^g,z'^g,z'^g,z'^g,z'^g : 7/3X3) = (1, 1, 1, 1,5^,5^: rg) 
Proposition 4.7. Let x{p) be an element as in Theorem \2.^ for p = {p{R)\R E G**) E 

(1) For e = 1 or 6, we have 

et<p)et^0^pEPt''{n). 

(2) For e = L or 5 ® l, we have 

e^/xip)etj^0^pEPt{n). 
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{4ix) 


= 1), 




= -1) 


i4ix) 


= 0). 


(4(x) 


= -1) 


{4ix) 


= 1), 


(4(x) 


= 0). 



Proof. We assume p ^ P|^^(?7,). Then we can choose y,z E HGn which satisfy yx{p)z = 
x{p) and Q^^eiyz) = ~1 from Proposition 14.51 Since e^'^yx{p)zef;^ = Q^^^{iiz)eli^x{p)elf = 
— e|''^x(p)e^'^, we have e^^yx{p)ze^'^ = 0. □ 

4.3. permutation representations. Fix C, G C{G). 

Definition 4.8. Let X' = {A' | A G X} for a subset X of P. We define the following 
four subsets of P*{n) = { A = {\{x)\x G G*) \ |A| = 2n}. 

(1) Pll{n) = {{\{x)\xeG*)\\{x) IS {^E\ 



(2) Pl}{n) = l{\{x)\x ^ G*) \ Kx) IS {eE\ 
Put DSP = {D{X) I A G SP}. 

\dsp, (4(x) = i), 

(3) P*;in) = { (A(x)lx G G*) I A(x) ^s { e DSP', i4ix) = -1), 

= A(e®x)'GP, {4ix) = o). 

G DSP, {4{x) = -1), 

(4) PtsM = { (A(x)lx G G*) I A(x) <( e (^(x) = 1), 

Proposition 4.9. (1) |P£*i(n)| = \P^%n)\ = |P|^+(n)|. 
(2) |P£:(n)| = |P£*,^,(n)| = |PrH|. 

Proof. It is easy to obtain the first claim by using Theorem 13. 9[ The second claim can be 
obtained by using Theorem 13.91 and two bijections: 

SPn OPn and Pn^ [j EP^, U OPn 



ni- 



no+ni=ra 



□ 



Example 4.10. We consider the character table of the quaternion group Qg. Put ^ = X2- 







C2 




c. 










Ri 


R2 


Rs 


Ri 


R5 


4 


4 


Xi 


1 


1 


1 


1 


1 


1 





X2 


1 


-1 


1 


1 


-1 


1 





X3 


1 


1 


1 


-1 


-1 


1 





Xa 


1 


-1 


1 


-1 


1 


1 





. X5 


2 





-2 








-1 


1 
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We have the following bijections, 

P^^ein) = {A = (A, A, /i, /i, D{u))\X, ^eP,ueSP}^ [j P„„ u u SP, 



712 

no+ni+n2=n 



and 

Pt{n) = {(A\ A^ A^ A^ A^)|A\ A^ A^ G P, A^ A^ G i?P} 

IJ 0P„„ u EP„, u 0P„, u 0P„3 u EP„, IJ p„„uOP„, UP,,. 

ni+n2+n3+n4+n5=n no+ni+n2=n 

By using SPn -» OPn, we have |P£*(n)| = \P^f{n)\ . 

Let X be an irreducible character of G. For X, fi E Pn and ^ G C{G), we denote by 
a irreducible representation 5^'^(x,0 = S\x) ® ^''(x® T^crxSG^ of SG2n- 

Proposition 4.11. Let ^ G C{G). Put x = {gi, gi, g2, 92, ■ ■ ■ ,gn,9n;cr) G HGn- 

0«,i(^)T^Gr (4(X) = 1) 



(1) S'^^{x) is an irreducible component of 

(2) S^'^'^^' (x) is irreducible component of 

(3) S^^^\x) is an irreducible component of 

(4) S^^'^^' (x) is an irreducible component of 



^u^) ffj: = -1). 
0?,i(^)Thg: i4ix) = -i) 

0?.(^) fnJ: i4ix) = 1) 
Qi,sM fn'B: i4ix) = -1). 

ThgI" = -1) 

^Qi,sMfHG: i4ix) = i). 

(5) Ifi^2{x) = 0, ^/ien >S''^''^(X;0 is C'f^ irreducible component ofQ^^^ix) forTr = 1 
or 6. 

(6) If i^2ix) = 0, then S^'^'{x,0 is csn irreducible component of Q^^t,{x) ']^^ for 



TT 



L or 5 ® L. 



Proof. We write a G if„ in the form of a = (12)'i(34)'2 . . . (2n-l 2n)'"r, where G {0, 1} 
and r G 0~^(S'„). Firstly we consider (1). If v\{x) = 1 (resp. —1), then V^®V^ has an 
element (resp. g^) such that (^,^ : (12))/^ = (resp. {g,g : (12))^^ = -^{g)g^) 

from Proposition 13.41 From proposition 14. S*^^ has an element U2\ such that aw a = u\. 
We consider /®" ® ma G S'^^ix) and compute 

^4^" ® = {gi,gi ■■ il2y')fx ® ■ ■ ■ ® (^?n,^?n : (2n - 1 2n)^")/^ ® ctma 

= a9in92) ■ ■■i{9n)fT ® «A = e(^7l^2 ■ ■ ■gn)fT ® ^A- 
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Also we consider g^"- f a G S'^^{x) and compute 

xg^^"" ®vx = {gi, gi : (12)"^)^;, ® • • ■ ® (^„, gn : (2n - 1 2ny")g^ ® aux 

= {-ir^-^'"a9im92) ■ ■ ■ i{gn)gT ® = 5{a)i{g,g2 ■ ■ ■ g^)g^^'- ® n,. 

(2), (3) and (4) are obtained by the same way. Second we consider the case of v^ix) = 0. 
Let AG be the diagonal subgroup of G x G. We consider the irreducible representations 
Xi ® X2 of G X G. Then an easy computation of characters gives us the following formula 
of the intertwining number; {xi ® X2,0'^g = '^x2,xT«>C (W^e will consider more detailed 
discussion of this fact in Proposition l5.3l) . We remark an isomorphism S''^(x®0 — S^{x)^ 
S^"\^). Therefore S'^{x) ® S'^{x ® have an element such that ykx = ^{xiX2 ■ ■ ■Xn)kx 
for y = {xi,Xi,--- ,Xn,Xn : r) G A5'G„. Put = nr=i(-'^ + {2i — 1 2i)) and t_ = 
n"=i(l - (2i - 1 2i)). Since {{2i - 1 2i)\l < i < n) n = {1}, the elements 

t+ (8) kx, t_ /ca G S^'^{x^O nonzero and satisfy 

xt+ ®kx = t+(g) ykx = i{xiX2 ■ ■ ■ Xn)t+ (g) kx, 
xt_ ®kx = 5{a)t_ ® ykx = 5{a)^{xiX2 ■ ■ ■ Xn)t- ® kx- 

Therefore we obtain (5). By Remarking an isomorphism S^'{x®d — ® 

(6) can be obtained by the same way of the case of (5). □ 

Theorem 4.12. (1) Let tt G C{Hn) and ^ G G*. We have 

In particular, the triplet {SG2n, HGn, ©^.tt) is a Gelfand triple. 
(2) Let x{p) be an element as in Theorem \2.3\ for p = {p{R)\R G G**) G P^i'^{n), 

(a) For e = 1 or 6, we have 

e^/x{p)et^0^pePt'-in). 

(b) For e = L or 5 ® l, we have 

e^xipje^j^O^pePtin). 

Proof. Set TT G C{H^), X = (A(x) \ x e G*) e P|;, n(A) = (|A(x)| \ X e G*) and 
SG{n{X)) = rixGG* ^^\Hx)\- define a subgroup of SG2n by 

^(^(A))= n 5^|A(X)|X n 5^2|A(x)|- 

i'l(x)=±i 4ix)=o 
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We remark that SG{n{X)) contains SG{n{X)) as its subgroup. From the transitivity of 
the induction, we have 



^(A) = (g) S^^^Hx) TS^)= (g) S{\ix))^ (g) S'^^^^'*^^\x,0n 



hSG2n 

•S'G(n(A))' 

X6G* xeG* xeG** 



4(x)=±i 4(x)=o 

[a(x), (vr = l,5), ~ 
where A*(x) = < Let e(A) G C5'G'(n(A)) be an idempotent such 

I^A'(X), i7T = L,6(g)L). 

that 5* (A) = CSG2ne{X). The idempotent e(A) can be described by the follows; 

e(A) = n <MX)), 

X6GJ* 

where C^G|A(x)|e(A(x)) = ^(A(x)) for z/|(x) = ±1 and CSG2|A(x)|e(A(x)) = ^(x, 

for t'l(x) = 0. We define a subgroup of 5'G'(ri(A)) by 



HG{n{X)) = HGn n SG{n{\)) = JJ i/G^ x JJ i/G 



A(X)|- 



i'l(x)=±i !^|(x)=0 

'fe(n(A)) ^ |HG(n.(A))| ^xe5G(n(A)) "^^'""^ 



Let en*'" be an idempotent of CHGn affording to 9^,^. Put e|i^^^^^^ = i^/^,^,,, ExgScfnfA)) 
We compute 



\HGn\ 



xeG* xeG** 



Since each em*'''e(A(x))(l)'s in the equation above is nonzero element from Proposition 
is nonzero. Therefore 5* (A) is an irreducible component of B^^^r Ihc?"- 
Proposition 14.71 gives us an upper bound of the dimension of Ti^^''' {SG2ni HGn)- In 
general, the number of distinct irreducible representations in Q^^-k Iijg" is less than 
dimH®'^''' {SG2n, HGn)- By combining these facts and Proposition 14. 9[ we have the both 
claims of this theorem. □ 



5. O^^^-SPHERICAL FUNCTIONS 

The rest part of this paper is devoted to computations of 9^,7r-spherical functions of 
our commutative Hecke algebra H'^^''' {SG2n, HGn) = en^'''CSG2nGn^''' - We remark Q^ s = 
91,5^6^,1 and 8^,5^, = Oi.^^G^,,, thus we have H®«^^(5G2n, i/G„) = n^^''{SG2n, HGn) 
and n^^''^^{SG2n,HGn) = (5G2„, i/G„) (cf. [7]). Therefore we consider cases of 
TT = 1 and L- 
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Theorem 5.1. For \E P^*^{n), the functions 

\HGn\\SG2n\ 
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\HGnn SG{n{X))\ dim S{X) 

are the Q^^^,- spherical functions of {SG2n, HGn,Q^,TT) ■ Here e(A) is an idempotent defined 
in the proof of Theorem 4-12 . 

Proof. It is clear that xQ^^^ = for x G HGn- We compute 



e(A)(l) 



iHGnnSGHMe^'- 



\HGr, 



HGnnSG(n(\)) 



e(A)(l) 



\HGnnSG{n{X))\ 

\HGn\ 



n 



|A(x)l 
— 2 — 



e(A(x))(l)x n 



X6G** 



Therefore = 1. 



n 

xecr 



\SG 



A(X)I 





(A)) 1 dim 5(A) 




HGn\ 


\SG2n 





□ 



In the below, we compute 0g,^-spherical functions for two special cases. 

First we consider the case of x = ^ ® X i-^-, 4ix) = il- Let be an irreducible 
unitary representation of G affording x- Let f 1, f 2, ■ ■ ■ , be an orthonormal basis of V^. 
Put an matrix representation Ap of G on by 



M9)vj = ^rij{g) 



Vi. 



i=l 



We can take a unitary matrix A = (aij) such that A*Ap{g)A = D^{g)Ap{g). By the same 
computation of the proof of Proposition 13.31 we have AA = h'2{x)H A = 



Put Wi\) = WiX;x,^,^)= < 



'2X, 


i4ix) = 


l,7r = 1 


AgP„) 


(2A)', 


i4ix) = 


-l,7r = 


1, A G Pn) 


D{X), 


{4{x) = 


l,7r = t, 


X G SPn). 


D{xy, 


i4ix) = 


-l,7r = 


^,Ag5P„ 



If 4ix) = 1 (resp. 



—1), then S^^^^ have an element such that hvj^ = Tx{h)v\ (resp. hv\ = 7r{h)S{h)v'^) 
for h G Hn and |fj| = 1 (cf. Propositio ri4.1ip . We define an inner product (, ) of 

SWW{X) = Kf^n^^^A) by 



2n 



2n 



2n. 



j=l j=l j=l 
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where U.^Ui^ G and t,u E S^^^K Put uj^'^^a) = {v^, crvl) gw(x) for a G S2n- Put 
/ ~ ® "^j- Then direct computations give us {g,g : 1)/ = ^{g){x)f ^-ud (1, 1 : 

(12))/ = 4{x)f- Put Xn = {!,■■■ A,9 ■ [2n]), where [2n] = (12 • • • 2n). We compute 

n 

= tr{{AAr-\AA,{g)A))u;f^i{[2n]) = tr((^Z)"-^(^^,(^)A-i)(^Z))^f;,^([2n]) 
= (4(x))"-HrA,(^)a;|^([2n]) = (^|(x))"x(^)^f^([2n]) 

and 

® ^A, ^nr'^ ® ^a) = (dim 
We repeat the same computations and have 

We use a notation a;|'^(p) instead of <^|;!^([p]) and have 

Proposition 5.2. T/ie Q^^-„^-spherical functions associated to S^^-^^x) (^f^ given by 



Next we consider the case of t'llx) = 0- Let 5*° and S*^ be symmetric groups on 
{1, 3, 5, ■ ■ ■ , 2n-l} and {2, 4, 6, • • ■ , 2n} respectively. Put = GlS^ and SC;^ = GlS^^. 
We consider the irreducible representation S'^'^*{x-,0 = 'S'^(x) ® >S'^*(C ® x) Ts'g°"xsg=' 

{/U. (vr = 1), 
We just denote by ASGn a subgroup of SG^xSG^ defined by 
/i', (tt = t). 

i/G„ n X ^G^. Let r„ be a subgroup of 5G2„ defined by r„ = ((1, • • • , 1; (2i - 1, 2i)) | 
1 < i < n). 

Proposition 5.3. For rj G C{G), set fj G >C(AG) by fj{g,g) — r]{g). Then we have 
(5) ?7TaS''= 0X®(^®X)- 

/n particular, {G x G, AG, 17) is a Gelfand triple. The fj-spherical functions lu^ are given 
by 

^xi^^y)^ —^x{x y)- 
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Proof. First, we compute (x ® X ® ^, v)ag = x{9)x{9)v{9)v{9) = {x, x)g = 

1. Therefore 57 T^^*"^ includes X ® (^7® x) an irreducible component. Since we have 
V Tag^ (1) = 1^1 and Exec* = 1^1, we obtain Second, we have (see [3 

pp. 397 ]) 



Wx(^'2/) = ^^ X® {V^x){x ^9,y ^9)v{9 ^] 



(9,9)eAG 



We compute 



^^^^'^^ ^ JKgi ^ ^9)v{y ^9)x{y ^9)v{9 ^) 



gee 



yjy ^) 2/ -1 N yjy ^) / -i ^ 



From this proposition, S''^(x) ^ S'^* x) is an irreducible component of 



□ 



Since HGn = T„ x ASGn as a set, e.^^'" enjoys a factorization formula Cn^'"" = e^e„ 



A5G„ 



Here = ^ ^^^^^ 7r(t)t and e|'^ = ExeASG„ ©^^(a;)^;- We define a func- 

tion on SG^n by 

where ex{x) and eA*(x®0 are idempotents corresponding to irreducible S'G" -modules 
S'^(x) and SG^-module S^* {x ® respectively. Proposition 15.31 gives us a fact that a 

function F^'"" = ^^^|^}?i'" e|'^eA(x) x eA.(x®04''' is the i ''-spherical 

function of a Gelfand triple (S'G" x SGf^, ASGn,Q(,n), where G^^^r is considered as the 
restriction of Q^^t, to ASGn- For x G SG2n, we have 

We set xo = (I,-- - ,1,^ : (1,2,--- ,2n)) and t„ = (12)(34) ■ ■ ■ (2n - l,2n). Then the 
following is easy: 

"sxot G SGI X ^ s = l,t = (I,-- - ,1 : t„) or s = (I,-- - ,1 : tn),^ = !"• 
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Put d^{x) = dim s^ix) • -^p irreducible character of 5*^, indexed by the partition 

A and evaluated at the conjugacy class p. Now we can compute (cf. [HI pp. 149, 4.3.9 
Lemma] ) 

elFpelixo) = ^{Fp{l, ■ ■ ■ , 1, : (135 • ■ • 2n - 1)) + ^^(1, ■ ■ ■ , 1, ^, 1 : (246 ■ ■ ■ 2n))} 

'^{a9-')x{9) + {-Ir-'X{9-'))XU = 0- 

For general x{p), repeating these computations with x{p) in place of xq establishes the 
following proposition. 

Proposition 5.4. We obtain Q^^j^-spherical function of S^'^* {x,0 

ReG*, i=l 



where 




6. MULTI-PARTITIVERSION OF SYMMETRIC FUNCTIONS 



Let Pr{R) be a power sum symmetric function with variables {xi{R) \ i > I) for each 
R G G** and A[G^^] = C{pr{R) \ r >l,Re G**). We define a subalgebra A^'" of A[G„] 
by 

A^^ = C{pr{R) I R is a complex or ^ ^ —1 on R), 

Aq' = C{pr{R) I r is odd [resp. even), if ^ = 1 [resp. — 1) on a real R). 
Set, for p G P**, 

pp_{G**)= n ppwiR)- 

R&G,, 

Change variables by setting 



iJGG„;real i?gG„ ;complcx 

Here we remark Pr{x) = e7rPr(^ ® x)- The second orthogonality relation gives us that 
p,(x)'s generate the ring Ag". Put = 7^®«.-(^G'2„, i/G„). Set = 0„>o7^®f-(5G2„, i/G, 

Here we consider to be Tig ^''^ = C. We define a product on Ti^''^ by fg = e^^^if ^ 9)^'m+n 
for / G Tim*'" and g G Tin*''', where / x means a natural embedding of CS2m x 'S'2„ in 
C5'2m+2n- From Proposition 14.71 we have a basis {e®«''^x(p)e®«''^ | p G Un>o -^*^*''('^)} 
Ti«'". 
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We define a map H^^^ onto by 

for p G P^,7r(n). Since tliere exists a G 0(iS'„ x Sm) such that ax{p) x a;(oi)a~"'^ = U ct) 
(IpI = n and |ct| = m) , Cif is a ring isomorphism between Ti^''" and Aq^. Under our 
definition, we have 

CHM = CH^i Yl f(9)9) = E Ppl/(^(p))Ci/(e®«-x(p)e®«-) 
for feHn''". 

Proposition 6.1. Let be a Jack symmetric function indexed by A at the parameter 



a. 



\HGn\-'CH,{Sll,) = < 



j£yj['\x), (4(X) = -I,vr=l) 



h\Q\{x)i {^lix) = n = L : Qx is a Schur's Q — function) 



. {d£v^)n h\S\{x) (4(x) = 0: is a Schur function), 



where h\ (resp. h\) denotes the product of hook lengths (resp. shifted hook lengths) of X. 
Here is defined by J-^ — i^iiJ^ ) fof an isomorphism ip : Pr ^ \pr on the ring of 
symmetric functions. 

Proof. For finite sets A and -B, we set two kinds of power sums Pr{a) (a G A) and Pr{h) 



(6 G B) and change variables by setting pr(fl) = Sbes ^^^^^Prif>)- consider a symmetric 
function Fx{a) = '^p^-n^p^^pPpi'^) compute 



\mr{pib)) 



z^A TT T-rn J Nm,(p(fc)) " 

{p{b)\beB)\-n, p\-n 1 LbeB ^p{b)^c beB r=l 

Up(6)=p 
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In the below, we set A = B = G^^, = Cgnib G R) and ag^(r 
From [3 [12], 



({9R)xigR)+^w x{9r) 
2 



{R real) 



j(2) 



= 1), 



\Hn\ sr^ 

2" 



2 

Qx = 2"^?' Epeop„ v''^2(x)"^f;r([p])pp i4ix) = ±1) 

,'5A = EpeP„^p"'x>p- 
We consider the cases of t'llx) = il? X = ^ ® X- this case, we have 



i4ix) = -1), 



Prix) 



(1 + 6;)x(^fl^ 



P6G,,;real PgG„;complox ^^-f* 

From [ini Proposition 5.15], we have the order of each double coset Dp = HGnx{p)HGr, 

1 T-r 1 



\Dp\ = \HGr,\-' n 
=ce( 

Using these notations, Fx is rewritten as 

1 



R=ceG„ '^MR)^c R=cuc-^£G,, '^pW^'C 



n 

jc-i 



E n x{9RY"'^'''^h'^Dp\ n 2^^''(^))P,(G. 



|p|=n/?eG* 



Therefore we have 



j9\x) 

Qx{x) = 



\H„\{dimV^) 



,A/ 



1 {dimV^r 



2"g^(dim Vy)'^ 



Epgp.v \Dp\nfMp))^'^^''Pp 



|Ji"Gn| |G| 



(^2^(X) = 1), 

{4{x) = -1), 

(^2^(X) = ±1). 



Here denotes the number of shifted standard tableaux of shape A. It is fact that 
h\ = ^ . We consider i'2ix) = 0, i.e. X ^ ^X- Then we have 



□ 



Now we state the main theorem of this paper. 
Theorem 6.2. We reeall the notations of Theorem \4.12\ For X G -Pj^* , we have 

\HGn\-'CH{nf) = n Ux) 

xeG|* 
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Here 



^^j^hxQxix), {4{X) = ±1,^ = 1^) 
^-^^h,S,ix) i4ix) = 0), 



Proof. In Theorem 15.11 we have already written down O^ ^r-spherical function in the form 



e, 



of product of idempotents. Since e„ 



e^-e(A)e„«- = dim5(A)^S^x 



HGnnSG{n{X)) 

1 e. 



we have 



\SG 



2n\ \SG{n{X))\ 



n n 



x,A(x)^0e,vr 



X&G* 



In the above, we use an general formula of 0-spherical functions uo^ of a Gelfand triple 
(G, if, (f)); iUy^ = j^^y^e^- Therefore we have 



\HGn\ 



Since CH^r is a ring isomorphism, we have 



x,A(x) ej. 



\HGn\ n ^A(x)(x), 

X&G** 



from Proposition I6.1[ 



□ 



7. The case of G = Z/2Z 

In the last section, we consider a special case; G = Z/2Z = {1,-1}. Then we remark 
that SG2n is isomorphic to and HGn is isomorphic to a wreath product of Kleinsche 
Vierergruppe with a symmetric group. In this case, G** = {{!},{ — 1}}. Let e be the sign 
representation of G and it. For tt = 1 or 5 , the irreducible decomposition is 

\X\=n 

and non-vanishing double coset is {HGnx{p)HGn \ p = (p({l}),0)} from Theorem I4.12[ 
From Proposition 15.41 the G^^i-spherical function corresponding to S'^'^lXyS) is 

^lMpM = ^J^xi. 

For TT = t or (5 ® t , the irrreducible decomposition is 

\X\=n 
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and non- vanishing double coset is {HGnx{p{{l}), p{{—l}))HGn \ G OP, p{{ — l}) E 

EP} from Theorem 14.121 Put p = p({l}) U p({ — 1}). From Proposition I5.4[ the 6£,i- 
spherical function corresponding to S^'^'{x^^) is 

n;i(.(p({i}).p({-i}))) = -^xi2"""»)(-2)'«<-»> = ^^x^-. 

In conclusion, tables of Ge.Tr-spherical function of this case can be obtained by multiplying 
the character table of the symmetric group by some diagonal matrices from both sides. 
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